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Abstract
We construct matter-coupled N = 2 supergravity in five dimensions, using the superconformal
approach. For the matter sector we take an arbitrary number of vector, tensor and hypermultiplets.
By allowing off-diagonal vector-tensor couplings we find more general results than currently known
in the literature. Our results provide the appropriate starting point for a systematic search for
BPS solutions, and for applications of M-theory compactifications on Calabi-Yau manifolds with
fluxes.
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1 Introduction
Matter-coupled supergravities in five dimensions have attracted renewed attention [1,2] due
to the important role they play in the Randall-Sundrum (RS) braneworld scenario [3, 4], in
M-theory compactifications on Calabi-Yau manifolds [5] with applications to flop transitions
and cosmology [6, 7], and in the AdS6/CFT5 [8, 9] and AdS5/CFT4 [10] correspondences.
Generically, one is interested in studying BPS solutions, such as domain walls or black
holes, or in vacua obtained from flux-compactifications, perhaps even in time-dependent
solutions with a non-vanishing cosmological constant. In many of these applications, a crucial
role is played by the properties of the scalar potential that appears after coupling matter
multiplets to N = 2 supergravity. For example, the possibility for finding a supersymmetric
RS scenario depends on the existence of a domain-wall solution (which requires a scalar
potential) containing a warp factor with the correct asymptotic behaviour such that gravity
is suppressed in the transverse direction. It is proved in [11, 12] that one cannot restrict
oneself to vector multiplets, but that hypermultiplets are needed. Some interesting solutions
have already been found in [13, 14].
In order to make a more systematic search for the variety of BPS solutions such as domain
walls or black holes that appear in five dimensions, we need to know the most general form
of matter-coupled supergravity. It is the purpose of this work to construct these matter
couplings. Actually, the present work is the third and last in a series of papers where we
apply the superconformal programme to derive these matter couplings (see also [15–17]). The
first paper dealt with the construction of the N = 2 conformal supergravity multiplet [18],
while in the second paper we presented the superconformal matter couplings [19]. In the
present work we will perform the last step in the superconformal programme, i.e. perform
the gauge-fixing and obtain the matter-coupled N = 2, D = 5 Poincare´ supergravity theory.
Quite some work on N = 2 matter-coupled supergravities in five dimensions has already
been done. Since we claim to give more general results than currently known in the literature,
we first summarize what has been done. The pure supergravity sector was constructed in [20].
The coupling to vector multiplets was given in [21,22]. More recently, the addition of tensor
multiplets was considered in [1, 23]. There it was stated that certain couplings between
vector and tensor multiplets were impossible to supersymmetrize in a gauge-invariant way
(except possibly in very special cases). In this work we will show that such couplings are
possible and can be supersymmetrized thereby generalizing the results of [1, 23]. Finally,
vector, tensor and hypermultiplets were treated together in [2].
The superconformal programme, apart from leading us to general matter couplings, has
another bonus. It is well known that the scalars of the matter sector can be viewed as
the coordinates on a manifold. It turns out that there are interesting relations between
the geometries of these scalar manifolds before and after gauge-fixing the superconformal
symmetries. In [24, 25], followed by [19], this was demonstrated for hypermultiplet scalars.
The geometries before gauge-fixing are hypercomplex or hyper-Ka¨hler dependent on whether
there exists an action or not (see [19] for more details). After gauge-fixing, the relevant ge-
ometries are quaternionic and quaternionic-Ka¨hler, respectively. Since the relations between
these geometries are interesting in themselves, and can be studied independently of the
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present context, we are preparing a companion paper where we present the details about all
the geometries involved and their relations [26]. Sometimes we will refer in this paper to [26]
for more details on the geometry.
The conformal programme has already been discussed extensively at several occasions
(see e.g. [27,28]) including our previous paper [19]. We refer the reader to these reviews for
more details. We will attempt to give a flavour of the conformal approach by presenting a
toy model. More explicitly, consider a scalar-gravity model in four dimensions. We start
with a conformally invariant action for a scalar field φ
L =
√
|g| [1
2
(∂φ)2 + 1
12
Rφ2
]
, (1.1)
which is invariant under the following local dilatations (with parameter ΛD(x))
δφ = ΛDφ, δgµν = −2ΛDgµν . (1.2)
This dilatation symmetry can be gauge fixed by choosing the gauge
φ =
√
6
κ
. (1.3)
This leads to the Poincare´ action
L = 1
2κ2
√
|g|R. (1.4)
Therefore, the actions (1.1) and (1.4) are gauge equivalent. Alternatively, we could have
chosen new coordinates (g′µν = gµνκ
2φ2), such that the resulting action is manifestly invariant
under the dilatation symmetry. Although φ still transforms under dilatations, the field does
not appear in the action anymore. The scalar φ has no physical degrees of freedom, and is
called a ‘compensating scalar’. Note that the scalar kinetic term has the wrong sign; this is a
generic feature of compensating scalars which we will also encounter in the more complicated
case of conformal supergravity.
The same mechanism will be used in this paper to obtain five-dimensional matter-coupled
Poincare´ supergravity. To this end, the Poincare´ algebra is first extended to the local super-
conformal algebra F 2(4). In our first paper [18] we constructed the minimal representation
of the superconformal algebra containing the graviton, called the standard Weyl multiplet.
This multiplet plays the role of gµν in the above toy model. It turns out that in the case
of N = 2, D = 5 supergravity we need one hypermultiplet and one vector multiplet as
compensators. They play the role of the compensating scalar φ in the above toy model. We
thus have
gµν → standard Weyl multiplet,
φ → 1 hyper- + 1 vector-multiplet. (1.5)
On top of this we add an arbitrary number of nV vector, nT tensor and nH hypermultiplets.
We thus end up with (nV +1) vector, nT tensor and (nH +1) hypermultiplets. As explained
in [1, 19, 23], the tensor generically is part of a vector-tensor multiplet which is a hybrid
form of a vector and a tensor multiplet. The label of the vector-tensor multiplet has nV + 1
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vector-multiplet and nT tensor-multiplet directions. Our starting point is therefore a number
of vector, tensor and hypermultiplets coupled to conformal supergravity:
LTotal = LVector−Tensor + LHyper. (1.6)
These conformal couplings, which are the analogue of (1.1) in the toy model, have been
constructed in our second paper [19], and are repeated in appendix B to keep the presentation
self-contained. In the main part of this paper we will discuss the final step, i.e. the gauge-
fixing, where we get rid of all the superconformal symmetries that are not part of the
super-Poincare´ algebra. This is the analogue of (1.3), leading to a result similar to (1.4).
The main goal of this paper is to derive the analogue of (1.4). In the present case we end
up with nV vector, nT tensor and nH hypermultiplets coupled to N = 2, D = 5 Poincare´
supergravity. The final answer is given in (5.7). For the actual purpose of searching for
supersymmetric BPS solutions we only need the bosonic terms in the action. These have
been collected in (7.1).
The organization of this paper is as follows. In section 2, we give the field content of the
standard Weyl multiplet and the different matter multiplets: vector, tensor and hyper. The
corresponding supersymmetry and superconformal transformation rules, together with the
invariant actions are given in appendix B. Next, some details about the conformal geometry
for hypermultiplets, i.e. the geometry before gauge-fixing, and its relation to the geometry
after gauge-fixing, are presented in section 3. The gauge-fixing procedure is discussed in
section 4, accompanied by some well-known properties of very special geometry, listed in
appendix C. The resulting action after gauge-fixing is given in section 5. In section 6, we
compare our results with the existing literature. Finally, in section 7 we collect those terms
in the action and supersymmetry rules that will be relevant to our search for BPS solutions.
We use the same notation as in our previous two papers except that the sign of the
spacetime Ricci tensor and Ricci scalar has changed. For the convenience of the reader we
have collected the definitions of all curvatures in appendix A. Further details of the notation
can be found in the appendix of our first paper [18].
2 Multiplets
The fields of the standard Weyl multiplet and their properties are listed in table 1. The full
details of this multiplet are given in [18]. We use the following notation for indices: µ(a)
are curved (flat) world indices with µ, a = 0, 1, 2, 3, 4 and i = 1, 2 is an SU(2) index. All
fermions are symplectic Majorana spinors. In [19] we constructed vector-tensor multiplets
and hypermultiplets in the background of this Weyl multiplet. Vector-tensor multiplets are
a hybrid form of vector and tensor multiplets. The field content and further properties
of these multiplets are given in table 2. Here we have introduced the following indices:
I = 0, · · · , nV labels the adjoint representation of some gauge group G, and M = nV +
1, · · · , nV + nT labels some representation of G, possibly reducible, under which the tensors
transform (see below for more details). Finally, X = 1, · · · , 4(nH + 1) and (i, A) with
i = 1, 2 and A = 1, · · · , 2(nH + 1) are, respectively, the curved and flat indices of the
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Field # Gauge SU(2) w
Elementary gauge fields
eµ
a 9 P a 1 −1
bµ 0 D 1 0
V
(ij)
µ 12 SU(2) 3 0
ψiµ 24 Q
i 2 −1
2
Dependent gauge fields
ωµ
ab − M [ab] 1 0
fµ
a − Ka 1 1
φiµ − Si 2 12
Matter fields
T[ab] 10 1 1
D 1 1 2
χi 8 2 3
2
Table 1: Fields of the 32 + 32 standard Weyl multiplet. The symbol # indicates the off-
shell degrees of freedom. The first block contains the (bosonic and fermionic) gauge fields
of the superconformal algebra. The fields in the middle block are dependent gauge fields.
The extra matter fields that appear in the standard Weyl multiplet are displayed in the lower
block. Note that we have suppressed the spinor index of both the Q and S generators, of the
corresponding gauge fields and of the matter field χi.
hypermultiplet scalar manifold1. Note that we have introduced nV + 1 vector multiplets
and nH + 1 hypermultiplets to indicate that one of the vector multiplets and one of the
hypermultiplets serve as compensating multiplets. When combining vectors and tensors into
a vector-tensor multiplet we will sometimes write I˜ = (I,M).
We first consider the vector-tensor multiplet. A remarkable feature of the vector-tensor
multiplet is that the vector-part is off-shell whereas the tensor-part is on-shell. The gauge
transformations of the vector-tensor multiplet are specified by matrices (tI)J˜
K˜ that satisfy
the commutation relations (with structure constants fIJ
K)
[tI , tJ ] = −fIJKtK . (2.1)
These gauge transformations (with parameters ΛI) are given by
δG(Λ
J)AIµ = ∂µΛ
I + gAJµfJK
IΛK , δG(Λ
J)X I˜ = −gΛJ(tJ )K˜ I˜XK˜ , (2.2)
1For comparison with our previous paper [19]: n = nV + 1, m = nT , r = nH + 1.
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Field SU(2) w # d.o.f.
off-shell vector multiplet
AIµ 1 0 4(nV + 1)
Y ijI 3 2 3(nV + 1)
σI 1 1 1(nV + 1)
ψiI 2 3/2 8(nV + 1)
on-shell tensor multiplet
BMµν 1 0 3nT
Y ijM 3 2 0
σM 1 1 1nT
ψiM 2 3/2 4nT
on-shell hypermultiplet
qX 2 3/2 4(nH + 1)
ζA 1 2 4(nH + 1)
Table 2: The relevant D = 5 superconformal matter multiplets. We introduce (nV +1) off-
shell vector multiplets, nT on-shell tensor multiplets and (nH+1) on-shell hypermultiplets.
Indicated are their SU(2) representations, Weyl weights w and the number of off-shell/on-
shell degrees of freedom. Each of the multiplets describes 4 + 4 on-shell degrees of freedom.
where X I˜ is a general matter field and g is the coupling constant of the group G. Closure
of the supersymmetry algebra requires (tJ)M
I = 0, so the generic form of the matrices tI is
given by
(tI)J˜
K˜ =
(
fIJ
K (tI)J
N
0 (tI)M
N
)
,
{
I, J,K = 0, . . . , nV
M,N = nV + 1, . . . , nV + nT .
(2.3)
Sometimes we extend the index I in (tI)J˜
K˜ to I˜ with the understanding that
(tM)J˜
K˜ = 0. (2.4)
If nT 6= 0 then the representation (tI)J˜ K˜ is reducible. In our second paper [19] we showed
that this representation can be more general than assumed so far in treatments of vector-
tensor couplings. In particular, the off-diagonal matrix elements (tI)J
N lead to new matter
couplings, and the requirement that nT is even will only appear when we demand the ex-
istence of an action or if we require the absence of tachyonic modes. The supersymmetry
rules of the vector-tensor multiplet can be found in appendix B.
In the absence of an action, the vector-tensor multiplet is characterized by the matrices
tI . In order to write down a superconformal action we need to introduce two more symbols:
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a fully symmetric tensor CI˜ J˜K˜ and an antisymmetric and invertible tensor ΩMN . They are
related by
CMJ˜K˜ = t(J˜K˜)
PΩPM ,
tI[M
PΩN ]P = 0,
tI(J˜
M˜CK˜L˜)M˜ = 0, (2.5)
see section 3.2 of [19]. The corresponding action is given in appendix B.
We now turn to the hypermultiplet. In the absence of an action, the superconformal
tensor calculus performed in [19] resulted in the construction of a hypercomplex manifold
spanned by the (4nH + 4) hyperscalars q
X . This manifold includes the four scalars of the
compensating hypermultiplet. The geometrical properties of the hypercomplex manifold are
determined by a collection of vielbeins f iAX , satisfying the following constraints:
f iAY f
X
iA = δ
X
Y , f
iA
X f
X
jB = δ
i
jδ
A
B,
DY f
X
iB ≡ ∂Y fXiB − ω AY B fXiA + Γ XZY fZiB = 0, (2.6)
where ΓZY
X can be interpreted as the affine connection on the manifold, and ωY B
A as the
Gℓ(nH + 1,H) connection. The last constraint shows that the vielbeins are covariantly
constant with respect to the connections Γ and ω. These connections do not represent inde-
pendent functions, see below. On this manifold we introduce a triplet of complex structures,
defined as
~JX
Y ≡ −if iAX ~σijfYjA. (2.7)
Using (2.6), they are covariantly constant and satisfy the quaternion algebra, which is that
for any vectors ~A and ~B,
~A · ~JXZ ~B · ~JZY = −δXY ~A · ~B + ( ~A× ~B) · ~JXY , (2.8)
At some places we will use a doublet notation instead of the triplet (or vector) notation:
JX
Y
i
j ≡ i ~JXY · ~σij = 2f jAX fYiA − δji δYX . (2.9)
The same transition between doublet and triplet notation is also used for other quantities
in the adjoint representation of SU(2).
Note that the complex structure is obtained from the vielbeins. Its covariant constancy is
sufficient to determine the affine connection. The latter is then called the Obata connection
(similar to the definition of a Levi-Civita connection determined from the covariant constancy
of a metric). Further, once this Obata connection is known, the covariant constancy of the
vielbeins as in the last line of (2.6) determines the Gℓ(nH + 1,H) connection ωXA
B. In this
way all quantities can be derived from the vielbeins.
In order to build local supergravity theories, we require the hyperscalar manifolds that
we will use to be ‘conformal’ in the sense that they contain a homothetic Killing vector kX ,
describing the dilatations of qX [24, 29]
DY k
X = 3
2
δXY . (2.10)
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Using the complex structures this defines SU(2) symmetry generators ~kX :
~kX ≡ 1
3
kY ~JY
X . (2.11)
Both kX and ~kX are discussed in section 2.3.2 of [19].
In section 2.3.3 of [19], we also considered the action of the symmetry group gauged by
the vector multiplets on the hypercomplex manifold. Their generators are therefore labelled
by the index I. They are parametrized by triholomorphic (i.e. leaving the complex structures
invariant) Killing2 vectors kXI :
δGq
X = −gΛIGkXI (q),
δGζ
A = −gΛIGtIBA(q)ζB − ζBωXBAδGqX ,
tIB
A ≡ 1
2
fYiBDY k
X
I f
iA
X , f
Y (i
A f
j)B
X DY k
X
I = 0. (2.12)
The supersymmetry rules of the hypermultiplet are given in appendix B.
So far, we have not assumed the existence of an action. In order to write down an action
we need to introduce a covariantly constant antisymmetric invertible tensor CAB which will
be used to raise and lower the A indices. We can now construct the metric on the scalar
manifold as
gXY = f
iA
X CABǫijf
jB
Y , (2.13)
and the hypercomplex manifold becomes a hyper-Ka¨hler manifold. The Obata connection
then coincides with the Levi-Civita connection. The action also contains four-Fermi terms,
proportional to a tensor WABC
D. The latter is defined in terms of the Riemann tensor and
conversely completely determines the Riemann tensor:
WABC
D = 1
2
f iXA f
Y
iBf
Z
jCf
Dj
W RXY Z
W , RXYW
Z = −1
2
fAiX εijf
jB
Y f
kC
W f
Z
kDWABC
D, (2.14)
see appendix B of [19]. The metric breaks the holonomy group from Gℓ(nH + 1,H) to
USp(2, 2nH), where we chose the metric to have signature (−−−−++. . .+), as it is required
for a physical theory with positive kinetic terms. The − signs correspond to the scalars of
the compensating multiplet. This is to be compared with the negative kinetic energy of the
compensator in the toy model discussed in the introduction. From the integrability condition
that follows from the covariant constancy of CAB, and using a basis with constant CAB, we
can determine that the connection ωX is symmetric, and thus
ωXAB ≡ ωXACCCB = ωXBA, (2.15)
is now the connection for USp(2, 2nH).
Finally, when an action exists, the symmetries should respect the metric, i.e. the Killing
equation
D(XkY )I = 0, (2.16)
2The word ‘Killing vector’ is in fact only appropriate when they respect a metric, see (2.16), which is the
case that we will mostly consider in this paper.
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should be satisfied. Then, moment maps ~PI can be defined, see section 3.3.2 of [19],
∂X ~PI = −12 ~JXY kYI , (2.17)
which by the conformal symmetry are determined to be
~PI = −16kX ~JXY kZI gY Z . (2.18)
They appear in the scalar potential of the action, which is given in appendix B. This
discussion of isometries and moment maps on such hyper-Ka¨hler spaces applies as well in 6
and 4 spacetime dimensions, and appeared in the 4-dimensional theories in [30].
3 Geometry
In preparation for the later developments, but also as an introduction to the geomet-
rical aspects of the gauge-fixing procedure discussed hereafter, we recall in this section
some ideas concerning the connection between conformal hypercomplex (hyper-Ka¨hler) and
quaternionic(-Ka¨hler) manifolds. The details of the explicit map between the corresponding
geometries are presented in the companion paper [26]. For the rest of this paper we will
always assume the presence of a metric. Therefore, we will only deal with the hyper-Ka¨hler
and quaternionic-Ka¨hler geometries. The geometry and relation between these spaces were
also analysed in [25], and in the mathematics literature [31]. Our analysis here involves a
different choice of coordinates and gauge-fixing procedure than in [25], and will turn out to
be more convenient for our purposes. The case without a metric, i.e. the map between the
hypercomplex and quaternionic geometries, is discussed in [26].
In the superconformal tensor calculus there is one vector and one hypermultiplet that
play a special role as a compensating multiplets. We choose 3 scalars of the hypermultiplet
to gauge-fix the three SU(2) gauge transformations and 1 to gauge-fix the dilatation D.
This means that 4 compensating scalars will be removed from the hyper-Ka¨hler manifold.
In view of this, it is convenient to split these coordinates off in a manifest way by making a
specific coordinate choice on the hyper-Ka¨hler manifold. Full proofs and the exact mapping
between arbitrary hypercomplex and quaternionic spaces in this way will be published in [26].
Here we will summarize the relevant results. From now on we will use the hat-notation for
objects that are defined on the ‘higher-dimensional’ hyper-Ka¨hler manifold. For instance,
the coordinates of the hyper-Ka¨hler manifold are denoted by qXˆ (Xˆ = 1, · · · , 4nH + 4).
The three isometries generated by the three SU(2) Killing vectors ~ˆkXˆ are gauged using
the vectors of the Weyl multiplet. Using Frobenius’ theorem it is shown in [26] that the
three-dimensional subspace spanned by the directions of the three SU(2) transformations
can be parametrized by coordinates zα (with α = 1, 2, 3). Furthermore, using the homothetic
Killing equation, one coordinate z0 can be associated with the dilatation transformation. The
remaining directions are indicated by qX (X = 1, . . . , 4nH). Thus, we split the coordinates
on the hyper-Ka¨hler manifold as
{qXˆ} = {z0, zα, qX}. (3.1)
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Throughout this paper we will work in this coordinate basis. In this basis, the dilatation
and SU(2) transformations, see (2.10) and (2.11), take on the following form [26]:
kˆXˆ(z, q) = {3z0, 0, 0}, ~ˆkXˆ(z, q) = {0, ~kα(z, q), 0}. (3.2)
Thus in the bosonic sector only z0 transforms under dilatations and only zα transforms under
the SU(2) in the superconformal group.
Similarly, we can split the tangent space index Aˆ as {Aˆ} = {i, A} (i = 1, 2; A =
1, . . . , 2nH), where i is an SU(2) index, implying
{ζ Aˆ} = {ζ i, ζA}. (3.3)
This basis is chosen such that in the fermionic sector only ζ i transforms under S-super-
symmetry.
Further analysis of the dilatations and SU(2) isometries shows that, in these coordinates,
the metric takes the form of a cone over a tri-Sasakian manifold, see e.g. [32],
dsˆ2 ≡ gˆXˆYˆ dqXˆdqYˆ ,
= −(dz
0)2
z0
+ z0
{
hXY (q) dq
X dqY
−gαβ(z, q)
[
dzα + AαX(z, q) dq
X
] [
dzβ + AβY (z, q) dq
Y
]}
, (3.4)
where we have chosen the signs and factors for later convenience. We have defined
AαX(z, q) ≡ fˆαij fˆ ijX = −fˆαiAfˆ iAX , gˆαβ(z, q) ≡ z0gαβ . (3.5)
The latter is an (invertible) metric in the zα-space, used to raise and lower α, β indices. It
turns out that, for each value of z0,
gXY (z, q) ≡ z0hXY (q) = gˆXY + gˆαβAαXAβY (3.6)
defines a quaternionic-Ka¨hler metric on the base-space spanned by the coordinates qX .
The ~kα generate an SU(2) algebra, which is the statement that
~kγ × ∂γ~kα = ~kα. (3.7)
~kα ≡ gˆαβ~kβ are proportional to the inverse of ~kα as 3× 3 matrices:
~kα · ~kβ = −z0δαβ . (3.8)
The dependence of these SU(2) Killing vectors and of AαX on z
0 and zα and qX is further
restricted by
∂0~k
α = 0, ∂0
(
~kα
z0
)
= 0, ∂0 ~AX = 0, ~AX ≡ 1
z0
AαX
~kα,(
z0∂α − ~kα×
)
~AX = ∂X~kα, ∂[X ~AY ] − 12 ~AX × ~AY = 12 ~J[XZhY ]Z . (3.9)
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In this basis3 we find the following expressions for the vielbeins fˆ iAˆ
Xˆ
:
fˆ ij0 = iε
ij
√
1
2z0
, fˆ ijα =
√
1
2z0
~kα · ~σij, fˆ ijX =
√
z0
2
~AX · ~σij ,
fˆ iA0 = 0, fˆ
iA
α = 0, fˆ
iA
X = f
iA
X ,
(3.10)
where f iAX (q) are the quaternionic-Ka¨hler vielbeins. The inverse vielbeins fˆ
Xˆ
iAˆ
are given by
fˆ 0ij = −iεij
√
1
2
z0, fˆαij =
√
1
2z0
~kα · ~σij , fˆXij = 0,
fˆ 0iA = 0, fˆ
α
iA = −fXiAAαX , fˆXiA = fXiA,
(3.11)
where fXiA(q) are the inverse quaternionic-Ka¨hler vielbeins. Note that we have chosen our
coordinates such that fˆXij = 0. This means that from the supersymmetry rule δq
Xˆ =
−iǫ¯iζ Aˆf Xˆ
iAˆ
it follows that qX only transforms to ζA and not to ζ i.
For the complex structures we have
~̂J0
0 = 0, ~̂Jα
0 = ~kα, ~̂JX
0 = z0 ~AX ,
~̂J0
β = 1
z0
~kβ , ~̂Jα
β = 1
z0
~kα × ~kβ, ~̂JXβ = ~AX × ~kβ + ~JXZ( ~AZ · ~kβ),
~̂J0
Y = 0, ~̂Jα
Y = 0, ~̂JX
Y = ~JX
Y .
(3.12)
Finally, for the USp(2, 2nH) connections we find the following nonzero components:
ωˆ0A
B = 1
2
f iBY ∂0f
Y
iA +
1
2z0
δBA ,
ωˆαi
j = −i 1
2z0
~kα · ~σij , ωˆαAB = 12f iBY ∂αfYiA,
ωˆXi
j = AαX ωˆαi
j = ωXi
j, ωˆXA
B = ωXA
B,
ωˆXi
A = i
√
1
2z0
εikf
kA
X , ωˆXA
i = −i
√
z0
2
εijfYjAhY X ,
(3.13)
where ωXA
B is defined in terms of the quaternionic-Ka¨hler vielbeins f iAX , the Levi-Civita
connection computed with z0hXY and the SU(2) connection ωXi
j on the quaternionic-Ka¨hler
manifold through the covariant constancy of the vielbeins.4 Using the vector notation the
SU(2) connection is given by
~ωX = −12 ~AX . (3.14)
Using the above results, one can express any hatted quantity (geometric quantity of the
hyper-Ka¨hler space) in terms of the unhatted ones (geometric quantity of the quaternionic-
Ka¨hler space) and vice versa. Here we list some explicit expressions for hatted quantities
3We consider here the domain z0 > 0 , which is necessary to obtain at the end positive kinetic terms for
the graviton.
4Note the subtle difference in notation: in the hyper-Ka¨hler manifold there is no SU(2) connection,
and ωˆXi
j are components of the connection ωˆXAˆ
Bˆ. On the other hand, in the quaternionic space these
components do not exist and ωXi
j = i~ωX · ~σij is the SU(2) connection.
11
that occur in the construction of the action,
CˆAB = CAB, Cˆij = εij , CˆiA = 0,
~̂P I = ~PI ,
kˆXˆI = {0,−2~kα · (~ωXkXI − 1z0 ~PI), kXI },
ŴABC
D =WABCD. (3.15)
Here, ~PI are the moment maps of the quaternionic-Ka¨hler manifold, in principle to be dis-
tinguished from the hyper-Ka¨hler moment maps defined in (2.18) (all hyper-Ka¨hler relations
from that section should here be interpreted with hatted quantities and indices). For nH 6= 0
they are defined in terms of the Killing vectors and complex structures as
4nH ~PI = z0 ~JX
Y
DY k
X
I . (3.16)
In the absence of any physical hypermultiplets, i.e. nH = 0, moment maps can still be
present. In fact, they are constants, ‘Fayet-Iliopoulos (FI) terms’, restricted by the ‘equiv-
ariance condition’
2ν ~PI × ~PJ + fIJK ~PK = 0, (3.17)
where ν is not determined (multiplying again with ν, this becomes an equation for ν ~PI). This
will be further analysed in section 5. The moment maps (3.16) satisfy a similar equivariance
condition [33]. Equations (3.15) say that the hyper-Ka¨hler moment maps are the same as
these moment maps, both when nH 6= 0 and when nH = 0. In the latter case, the FI
terms are therefore related to the gauge transformation of the scalars of the compensating
hypermultiplet, as is the case in 4 dimensions [34].
Similar to the WABCD tensor (2.14) on a hyper-Ka¨hler manifold, we can introduce
WABCD, which is a completely symmetric and traceless tensor. It is defined by the quaternionic-
Ka¨hler Riemann tensor RXY Z
W , and conversely it determines the latter, as follows:
WABCD = 12LXY BALWZCDRXY ZW + 2
1
z0
δ(A
CδB)
D, LXY BA ≡ f iXA fYiB, (3.18)
2RXYWZ = − 1
z0
(
gZ[XgY ]W + ~JXY · ~JZW − ~JZ[X · ~JY ]W
)
+ LZW
ABWABCDLXY CD.
We raise and lower A,B indices using CAB and X, Y indices using gXY , see (3.6).
For every point in {z0, zα}, the {qX} subspace describes a quaternionic-Ka¨hler manifold.
These quaternionic-Ka¨hler manifolds are related by coordinate redefinitions, SU(2) gauge
transformations and/or dilatations. Note that before gauge-fixing, all unhatted objects a
priori are still dependent on both z0, zα and qX . For every gauge-fixing, eliminating the
compensator fields z0, zα in terms of constants (or functions of qX), they become geometrical
objects on the quaternionic-Ka¨hler manifold.
Note that in this section we only discussed the geometry related to the hypermultiplets.
The (very special) geometry related to the vector-multiplets will be discussed in the next
section when we perform the gauge-fixing. The reason for this is that the discussion of the
vector-multiplet geometries requires the use of the equations of motion and therefore cannot
be discussed independently of the physical theory.
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4 Gauge-fixing
The actions given in appendix B are invariant under the full superconformal group. In order
to break the symmetries that are not present in the Poincare´ algebra, we will impose the nec-
essary gauge conditions in the following subsections. This is analogous to the corresponding
steps in N = 2 supergravity in D = 4 [35] and in D = 6 [28].
Before carrying out all technicalities implied by the gauge-fixing procedure, it is instruc-
tive to outline the steps we are going to follow. Just like in the example of section 1 the
extra (superconformal) symmetries can be removed with the help of compensating multi-
plets. In our particular case, one hypermultiplet together with one vector multiplet will play
the role of compensating multiplets. Our strategy is illustrated in figure 1. In this figure we
have summarized which fields are eliminated by gauge-fixing and/or solving the equations
of motion5.
The field content of the matter-coupled conformal supergravity is given by the Weyl
multiplet, nH + 1 hypermultiplets and nV + 1 Yang-Mills vector multiplets combined with
nT tensor multiplets in a vector-tensor multiplet. Note that in figure 1 we represented only
the independent fields of the Weyl multiplet. The dependent fields fµ
a, ωˆµ
ab and φiµ are
expressed in terms of the former in the first step (see below). Note that the bµ field does
not enter the action; it can therefore be set to zero as a gauge condition for the special
conformal (or K-)transformations. There exist several auxiliary fields both in the standard
Weyl multiplet (V ijµ and Tab) as in the vector multiplets (Y
ijI). They are eliminated by
solving the corresponding field equations.
The equations of motion of the χi andD fields collaborate with the S-gauge andD-gauge,
respectively, to remove the fermionic degrees of freedom of the compensating multiplets and
two of their scalars, i.e. σ and z0. We see from the figure that all field components of the
compensating hypermultiplet are eliminated by the gauge-fixing procedure. The only field
component of the compensating vector multiplet surviving the gauge-fixing procedure is the
gauge potential Aµ, which contributes to the graviphoton field in the Poincare´ multiplet. As
we eliminated the auxiliary fields Y ij, the vector multiplets, as well as their tensor multiplet
companions, are realized on-shell in the Poincare´ theory. We thus end up with a matter-
coupled Poincare´ supergravity theory containing, besides the Poincare´ multiplet, nV vector,
nT tensor and nH hypermultiplets. The geometry described by the moduli of the latter
modifies during the gauge-fixing according to our discussion in section 3. We will see below
that the vector scalars also parametrize a particular type of manifold at the Poincare´ level,
namely a very special real manifold (see section 4.3).
5The arrows show that one can imagine another construction. Namely we may obtain conformally invari-
ant actions with consistent field equations by only using a compensating vector multiplet and no compen-
sating hypermultiplet. The compensating vector multiplet is necessary to obtain consistent field equations
for the auxiliary D and χi. However, the compensating hypermultiplet is only needed to break conformal
invariance.
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qX , ζA Y
ijx, Axµ, σ
x, ψix
nH Hypermultiplets
z0, zα, ζ i Y
ij, Aµ, σ, ψ
i
++
qX , ζA
Poincare´ multiplet
Axµ, ϕ
x, λixeµ
a, ψiµ, Aµ
matter-coupled Poincare´ supergravity
matter-coupled conformal supergravity
D-gauge
SU(2)-gauge D EOMK-gauge
Weyl multiplet
eµ
a, ψiµ, bµ, V
ij
µ , T ab, χ
i, D
auxiliary fields
EOM of
nH Hypermultiplets
nV Vector multiplets
nV Vector multiplets
1 Vector multiplet1 Hypermultiplet
S-gauge χi EOM
superconformal symmetry breaking
I ≡ (x, 1)Aˆ ≡ (A, i) , Xˆ ≡ (X, 0, α)
Figure 1: The gauge-fixing procedure: the underlined fields are eliminated when passing to Poincare´ SUGRA. The arrows
indicate how these fields are eliminated: by gauge-fixing a symmetry or by applying an equation of motion.
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One should keep in mind that during the gauge-fixing procedure the definition of the
covariant derivatives changes. Indeed, when passing from a superconformal invariant theory
to a super-Poincare´ theory, the remaining fields are chosen such that they do not transform
under the broken symmetries, e.g. the scale symmetries. These scale symmetries generated
terms in the superconformal covariant derivative that are absent in the Poincare´ covariant
derivatives. Another thing to keep in mind has to do with the transformation rules. In
the conformally invariant theory, these transformation rules involve the parameters of the
conformal transformations. Due to the gauge-fixing conditions, these parameters become
dependent and are expressed in terms of the parameters of the Poincare´ theory through
the so-called decomposition rules. The super-Poincare´ transformation rules are therefore
inferred from the superconformal ones after eliminating auxiliary fields and employing the
decomposition rules. This finishes our overview of the gauge-fixing procedure. We now
proceed with a more technical discussion of the same procedure.
4.1 Preliminaries
The first step in the gauge-fixing process is the elimination of the dependent gauge fields
φiµ and fµ
a, associated with S- and K-symmetries, respectively. Using the relations given
in [18, (3.11)] together with the definitions of the supercovariant curvatures, we find the
following expressions for these gauge fields:
f aa =
1
16
(−R(ωˆ)− 1
3
ψ¯ργ
ρµνDµψν
+ 1
3
ψ¯iaγ
abcψjbVcij + 16ψ¯aγ
aχ− 4iψ¯aψbTab + 43 iψ¯bγabcdψaT cd
)
,
ωˆ abµ = ω
ab
µ (e)− 12 ψ¯[bγa]ψµ − 14 ψ¯bγµψa + 2eµ[abb],
φiµ =
1
2
iγνD[µψiν] − 112 iγµνρDνψiρ − 12 iV[µijγνψν]j + 112 iVaijγµabψbj
−T aµψia − 13T abγbµψia − 23Tbµγabψia − 13Tbcγabcµψia
− 1
12
i(γabγµ − 12γµγab)baψib, (4.1)
with
Dµ = ∂µ + 14 ωˆµabγab. (4.2)
We only need the contracted version of fµ
a since the other components do not appear in the
action or transformation rules. In order to simplify the notation we choose to work with
ωˆµ
ab instead of ωµ
ab for the time being.
After writing out all covariant derivatives and dependent gauge fields, the gauge field bµ
does not appear in the action. This can be understood from the special conformal symmetry
(or K-symmetry) of the action. We will choose the conventional gauge choice for the K-
invariance, namely
K-gauge: bµ = 0. (4.3)
At this point we are left with one more gauge field corresponding to a non-Poincare´
symmetry: the SU(2) gauge field V ijµ . Solving for its equation of motion, corresponding to
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the action (1.6), yields the following expression:
V ijµ =
9
2k2
(
gˆXˆYˆ
(
∂µq
Xˆ + gAIµkˆ
Xˆ
I
)
kˆijYˆ +
1
2
ikˆXˆ fˆ
(iAˆ
Xˆ
ζ¯Aˆγµνψ
νj) − ikˆijXˆ fˆ Aˆ
kXˆ
ζ¯Aˆγνγµψ
kν
−1
2
CI˜ J˜K˜σ
K˜ψ¯iI˜γµψ
jJ˜ +
1
4
iCI˜˜ J K˜σ
K˜σI˜ψ¯iJ˜γµνψ
jν
)
. (4.4)
The action further contains four auxiliary matter fields: D, Tab and χ
i from the Weyl
multiplet, and Y I˜ij from the vector-tensor multiplet. Both D and χ
i appear as Lagrange
multipliers in the action, leading to the following constraints,
D : C − 1
3
k2 = 0, with C ≡ CI˜ J˜ K˜σI˜σJ˜σK˜ , k2 = kˆXˆgXˆYˆ kˆYˆ = −9z0, (4.5)
χi : −8iCI˜ J˜K˜σI˜σJ˜ψK˜i − 43
(
C − 1
3
k2
)
γµψµi +
16
3
iAAˆi ζAˆ = 0. (4.6)
Here, and for later purposes, we have introduced sections AAˆi that are defined by [24]
AAˆi = kˆ
Xˆf Aˆ
iXˆ
. (4.7)
The equations of motion for Y I˜ij and Tab are given by
Y ijJ˜CI˜ J˜K˜σ
K˜ = −gδL
I˜
Pˆ ijL +
1
4
iCI˜ J˜K˜ψ¯
iJ˜ψjK˜ , (4.8)
Tab =
9
64k2
(
4σI˜σJ˜ĤK˜abCI˜ J˜ K˜ + σI˜σJ˜ ψ¯K˜γ[aψb]CI˜ J˜ K˜ + σI˜σJ˜ ψ¯K˜γabcψcCI˜ J˜ K˜ (4.9)
+ iσI˜ ψ¯J˜γabψ
K˜CI˜ J˜K˜ +
2
3
kˆXˆ fˆ Aˆ
iXˆ
ζ¯Aˆγ[aψ
i
b] +
2
3
kˆXˆ fˆ Aˆ
iXˆ
ζ¯Aˆγabcψ
ic + 2iζ¯Aˆγabζ
Aˆ
)
.
These equations have been simplified by using (4.5).
4.2 Gauge choices and decomposition rules
Apart from the K-gauge (4.3) that we have already introduced to fix the special conformal
symmetry, we now choose gauges for the other non-Poincare´ (super)symmetries as well.
D-gauge. Demanding canonical factors for the Einstein-Hilbert and Rarita-Schwinger ki-
netic terms in (1.6), we have to impose the following D-gauge:
D-gauge:
1
24
(
C + k2
)
= − 1
2κ2
. (4.10)
where κ has dimensions of [length]3/2. If we combine the D-gauge (4.10) and D-EOM (4.5)
we obtain
k2 = − 9
κ2
, C = − 3
κ2
. (4.11)
In the light of (3.2)-(3.4) the first constraint implies that
z0 = κ−2, (4.12)
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whereas the second constraint effectively eliminates one of the vector-tensor scalars6.
S-gauge. In the action (1.6) there appear terms where γµφµ =
1
4
iγµν∂µψν+ (non-derivative
terms) is multiplied by hyperino and gaugino fields. These terms imply a mixing of the
kinetic terms of the gravitino with the hyperino and gaugino fields. A suitable S-gauge can
eliminate this mixing: we put the coefficient of the above expression equal to zero:
S-gauge: CI˜ J˜ K˜σ
I˜σJ˜ψK˜i + 2A
Aˆ
i ζAˆ = 0. (4.13)
Combining this with the χ field equation (4.6) leads to
CI˜ J˜ K˜σ
I˜σJ˜ψK˜i = 0, A
Aˆ
i ζAˆ = 0. (4.14)
In our coordinate basis, we obtain the following expression for the sections Ai
Aˆ
:
Ai
Aˆ
≡ εij kˆXˆ fˆ XˆjAˆ = −3εij fˆ 0jAˆ = −3 i
√
z0
2
δi
Aˆ
. (4.15)
Therefore, our choice of coordinates on the hyper-Ka¨hler manifold is consistent with the fact
that the hyperinos of the compensating hypermultiplet carry no physical degree of freedom:
ζ i = 0. (4.16)
SU(2)-gauge. The gauge for dilatations was chosen such that z0 = κ−2. Similarly we may
also choose a gauge for SU(2). Such a gauge would be a specific point in the 3-dimensional
space of the zα. In principle, we could thus choose zα = zα0 (q) for any function z
α
0 (q), but
we will restrict ourselves here to constants zα0 :
SU(2)-gauge: zα = zα0 . (4.17)
Decomposition rules. As a consequence of the gauge choices, the corresponding trans-
formation parameters can be expressed in terms of the independent ones by the so-called
decomposition rules. For example, the requirement that the K-gauge (4.3) should be in-
variant under the most general superconformal transformation, i.e. δbµ = 0, leads to the
following decomposition rule for ΛaK :
ΛaK = −12eµa
(
∂µΛD +
1
2
iǫ¯φµ − 2ǫ¯γµχ+ 12 iη¯ψµ
)
. (4.18)
Similarly, demanding δz0 = 0 yields
ΛD = 0. (4.19)
The decomposition rule for ηi can be found by varying the S-gauge and demanding that
δ
(
CI˜ J˜ K˜σ
I˜σJ˜ψiK˜
)
= 0. (4.20)
6The constraint (4.12) implies that the parameter ν defined in [19] is given by ν = −κ2. This parameter
also appeared in (3.17) but from now on will not appear anymore in this paper.
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We find
κ−2ηi = − 1
12
CI˜ J˜ K˜σ
I˜σJ˜γ · ĤK˜ǫi + 1
3
gσIP ijI ǫj +
1
32
iγabǫiζ¯Aγabζ
A
+ 1
16
iCI˜ J˜ K˜σ
I˜
(
γaǫjψ¯
iJ˜γaψ
jK˜ − 1
16
γabǫiψ¯J˜γabψ
K˜
)
. (4.21)
The SU(2) decomposition rule can be found by requiring that δzα = 0:
~ΛSU(2) = ~ωX(δQ + δG)q
X + gΛIG
~PI . (4.22)
4.3 Hypersurfaces
We now discuss the geometry for the vector-multiplet scalars. These arise as a consequence
of the gauge-fixing procedure. In order to get a standard normalization, we rescale the CI˜ J˜ K˜
symbol and the vector multiplet scalars as follows:
σI˜ ≡
√
3
2κ2
hI˜ , CI˜ J˜ K˜ ≡ −2
√
2κ2
3
CI˜ J˜ K˜ , (4.23)
such that
CI˜ J˜ K˜hI˜hJ˜hK˜ = 1. (4.24)
The constraint (4.24) defines an (nV + nT )-dimensional hypersurface of scalars φ
x called a
‘very special real’ manifold, embedded into a (nV + nT + 1)-dimensional space spanned by
the scalars hI˜(φ).
The metric on the embedding hI˜-manifold can be determined by substituting the equa-
tion of motion for Tab (4.9) back into the action, and defining the kinetic term for the
vectors/tensors as
Lkin,Vector−Tensor = −14aI˜ J˜ĤI˜µνĤµνJ˜ . (4.25)
We find
aI˜ J˜ = −2CI˜ J˜K˜hK˜ + 3hI˜hJ˜ , (4.26)
where
hI˜ ≡ aI˜ J˜hJ˜ = CI˜ J˜ K˜hJ˜hK˜ ⇒ hI˜hI˜ = 1. (4.27)
In the following we will assume that aI˜ J˜ is invertible; this enables us to solve (4.8) for Y
I˜ij .
Following [21], we introduce
hI˜x ≡ −
√
3
2κ2
hI˜,x(φ) → hI˜x ≡ aI˜ J˜hJ˜x(φ) =
√
3
2κ2
hI˜ ,x(φ). (4.28)
The metric on the manifold spanned by the scalars φx is the pull-back on the hypersurface
of the metric aI˜ J˜ on the embedding space, i.e.
gxy = h
I˜
xh
J˜
yaI˜ J˜ . (4.29)
18
We furthermore define
hx
I˜
≡ gxyhI˜y. (4.30)
Several useful identities that were already discovered in [21] are summarized in appendix C.
The gauginos ψI˜ are constrained fields, due to the S-gauge. In order to translate these
to (nV + nT ) unconstrained gauginos, we introduce λ
i x, which transform as vectors in the
tangent space on the hypersurface. As we will see later, a convenient choice is given by (for
agreement with the literature [2])7
λix ≡ −hx
I˜
ψiI˜ , ψiI˜ = −hI˜xλix. (4.31)
Note that this choice for ψiI˜ indeed solves the S-gauge (4.14).
5 Results
After applying the steps outlined in the previous section, i.e. using a special coordinate basis,
substituting the expressions for the dependent gauge fields and matter fields and ‘reducing’
the objects on the hyper-Ka¨hler manifold to the quaternionic-Ka¨hler manifold, we obtain
the N = 2 super-Poincare´ action.
We give in this section the full action for a number of vector multiplets (indices I),
tensor multiplets (indices M , and together with the vector multiplets indicated as I˜, and
their unconstrained fields with x) and hypermultiplets (indicesX for the scalars and A for the
spinors). The couplings of the vector and tensor multiplets are determined by the constants
CI˜ J˜K˜ , a symplectic metric ΩMN and the transformation matrices tIJ˜ K˜ related by (2.5), see
also (2.3). The related quantities are defined in section 4.3.
We define the supercovariant field strengths F̂ Iab and a tensor field B˜
M
ab such that
ĤI˜ab =
(
F̂ Iab, B
M
ab
)
=
(
F Iab − ψ¯[aγb]ψI +
√
6
4κ
iψ¯aψbh
I , B˜Mab − ψ¯[aγb]ψM +
√
6
4κ
iψ¯aψbh
M
)
,
H I˜ab ≡
(
F Iab, B˜
M
ab
)
, F Iµν ≡ 2∂[µAIν] + gfJKIAJµAKν . (5.1)
The BMab transforms covariantly, as does Fˆab, while the action gets a simpler form using Fab
and B˜ab.
The hypermultiplets are completely characterized in terms of the vielbeins f iAX , that
determine complex structures, USp(2nH) and SU(2) connections. They transform in general
under the gauge group of the vector multiplets. The Killing vectors kXI determine tIA
B and
are restricted by (2.12). They determine the moment maps by (3.16). As mentioned in
section 3, the moment maps can also exist without a quaternionic-Ka¨hler manifold (nH = 0),
in which case they are the constant ‘FI terms’. These are possible for two cases. First, in
the case where the gauge group contains an SU(2) factor, we can have
~PI = ~eIξ, (5.2)
7We avoid here the introduction of a local basis for the fermions indicated by indices a˜ in [2].
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where ξ is an arbitrary constant, and ~eI are constants that are nonzero only for I in the
range of the SU(2) factor and satisfy
~eI × ~eJ = fIJK~eK , (5.3)
in order that (3.17) is verified.
The second case is U(1) FI terms. In this case
~PI = ~e ξI , (5.4)
where ~e is an arbitrary vector in SU(2) space and ξI are constants for the I corresponding
to U(1) factors in the gauge group.
To be able to write down the potential and the supersymmetry transformation rules in
an elegant fashion, we define
W x ≡
√
6
4
κhIKxI = −34 tJI˜ P˜hJhI˜hxP˜ , KxI ≡ − 1κ
√
3
2
tIJ˜
K˜hJ˜hx
K˜
= − 1
κ
√
3
2
tIJ˜
K˜hJ˜xhK˜ ,
~P ≡ κ2hI ~PI , ~Px ≡ κ2hIx ~PI ,
N iA ≡
√
6
4
κhIkXI f
iA
X ,
Txyz ≡ CI˜ J˜K˜hI˜xhJ˜yhK˜z , Γwxy = hwI˜ hI˜x,y + κ
√
2
3
Txyzg
zw,
(5.5)
the latter being the Levi-Civita connection of gxy.
The covariant derivatives now read
DµhI˜ = ∂µhI˜ + gtJK˜ I˜AJµhK˜ = −
√
2
3
κhI˜x
(
∂µφ
x + gKxJA
J
µ
)
= −
√
2
3
κhI˜xDµφx,
DµqX = ∂µqX + gAIµkXI ,
Dµλxi = ∂µλxi + ∂µφyΓxyzλzi + 14ωµabγabλxi
+∂µq
XωXj
iλxj − gκ2AIµPI ijλxj + gAIµKx;yI λiy,
DµζA = ∂µζA + ∂µqXωXBAζB + 14ωµbcγbcζA + gAIµtIBAζB,
Dµψiν =
(
∂µ +
1
4
ωµ
abγab
)
ψiν − ∂µqXωXijψνj − gκ2AIµPI ijψνj . (5.6)
Here Kx;yI stands for the covariant derivative, where the index is raised with the inverse
metric gxy. We choose to extract the fermionic terms from the spin connection, using ωµa
b
instead of ωˆµa
b in the covariant derivatives and the Ricci scalar, unless otherwise mentioned.
Performing all the steps of the conformal programme we find the following action:
e−1L = 1
2κ2
R(ω)− 1
4
aI˜ J˜ĤI˜µνĤJ˜µν − 12gxyDµφxDµφy − 12gXYDµqXDµqY
+
1
16g
e−1εµνρστΩMN B˜
M
µν
(
∂ρB˜
N
στ + 2gtIJ
NAIρF
J
στ + gtIP
NAIρB˜
P
στ
)
− 1
2κ2
ψ¯ργ
ρµνDµψν − 12 λ¯x /Dλx − ζ¯A /DζA
+ g
2
κ4
(
4~P · ~P − 2~P x · ~Px − 2WxW x − 2NiAN iA
)
+ κ
6
√
6
e−1εµνλρσCIJKAIµ
[
F JνλF
K
ρσ + fFG
JAFν A
G
λ
(−1
2
gFKρσ +
1
10
g2fHL
KAHρ A
L
σ
)]
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− 1
8
e−1εµνλρσΩMN tIK
M tFG
NAIµA
F
ν A
G
λ
(−1
2
gFKρσ +
1
10
g2fHL
KAHρ A
L
σ
)
+ 1
4
hI˜xH
I˜
bcψ¯aγ
abcλx −
√
6
16κ
ihI˜H
cdI˜ψ¯aγabcdψ
b + 1
4
√
2
3
κi
(
1
4
gxyhI˜ + Txyzh
z
I˜
)
λxγ ·H I˜λy
+1
8
√
6 iκhI˜ ζ¯Aγ ·H I˜ζA + 12 iψ¯a /Dφxγaλx + iζ¯Aγa /DqXψiafAiX
+ g
[
−
√
3
2
1
κ
ihItIB
Aζ¯Aζ
B + 2ikXI f
A
iXh
I
xζ¯Aλ
ix
−
√
2
3
1
κ
i
(
1
4
gxyPij + TxyzP
z
ij
)
λ¯ixλjy + 1
κ
λ¯xλy
(
1
2
ihIxKIy − 23∂xWy
)
− 2
κ2
NAi ζ¯Aγaψia + 1κ2 ψ¯iaγaλjx (Pxij + εijWx) +
√
3
8
1
κ3
iPijψ¯
i
aγ
abψjb
]
− 1
32
ψ¯iaψ
jaλ¯xi λjx − 132 ψ¯iaγbψjaλ¯xi γbλjx − 1128 ψ¯aγbcψaλ¯xγbcλx
− 1
16
ψ¯iaγ
abψjb λ¯
x
i λjx − 132 ψ¯aiγbcψdjλ¯xi γabcdλjx + 18κ2 ψ¯aγbψbψ¯aγcψc
− 1
16κ2
ψ¯aγbψcψ¯
aγcψb − 1
32κ2
ψ¯aγbψcψ¯
aγbψc + 1
32κ2
ψ¯aψbψ¯cγ
abcdψd
− 1
16
ψ¯aγbψcζ¯Aγabcζ
A + 1
16
ψ¯aγ
bcψaζ¯Aγbcζ
A − 1
16
ψ¯aψbζ¯Aγabζ
A
+ κ
6
√
2
3
iTxyz
(
ψ¯aγbλ
xλ¯yγabλz + ψ¯iaγ
aλjxλ¯yiλ
z
j
)
+ κ
2
32
λ¯xγabλxζ¯Aγ
abζA − κ2
16
λ¯ixγaλ
j
xλ¯
y
i γ
aλjy
+ κ
2
128
λ¯xγabλxλ¯
yγabλy +
κ2
6
gztTxyzTtvwλ¯
ixλjyλ¯viλ
w
j − κ
2
48
λ¯ixλjxλ¯
y
i λjy
+ κ
2
32
ζ¯Aγabζ
Aζ¯Bγ
abζB − 1
4
WABCD ζ¯AζB ζ¯CζD. (5.7)
This action admits the following N = 2 supersymmetry:
δeµ
a = 1
2
ǫ¯γaψµ,
δψiµ = Dµ(ωˆ)ǫ
i + iκ
4
√
6
hI˜ĤI˜νρ(γµνρ − 4gµνγρ)ǫi + δqXωijXψµj − 1κ√6 igP ijγµǫj
− κ2
6
ǫjλ¯
ixγµλ
j
x +
κ2
12
γµνǫjλ¯
ixγνλjx − κ
2
48
γµνρǫjλ¯
ixγνρλjx +
κ2
12
γνǫjλ¯
ixγµνλ
j
x
+κ
2
16
γµνρǫ
iζ¯Aγ
νρζA,
δhI˜ = − κ√
6
iǫ¯λxhI˜x , δφ
x = 1
2
iǫ¯λx,
δAIµ = ϑ
I
µ,
δB˜Mµν = 2D[µϑMν] −
√
6
g
κ
ǫ¯γ[µψν]hNΩ
MN − igǫ¯γµνλxhxNΩMN ,
δλxi = − i
2
/̂Dφxǫi − δφyΓxyzλzi + δqXωXijλxj + 14γ · ĤI˜hxI˜ ǫi
κ
4
√
6
T xyz
[
3ǫjλ¯
i
yλ
j
z − γµǫjλ¯iyγµλjz − 12γµνǫjλ¯iyγµνλjz
]− 1
κ2
gP x ijǫj +
1
κ2
gW xǫi,
δqX = −iǫ¯iζAfXiA,
δζA = 1
2
iγµD̂µqXf iAX ǫi − δqXωXBAζB + 1κ2gNAi ǫi, (5.8)
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where ΩMN is minus the inverse of ΩMN in the sense that ΩMPΩ
NP = δM
N . We also denoted
ϑI˜µ = −12 ǫ¯γµλxhI˜x −
√
6
4κ
ihI˜ ǫ¯ψµ,
D[µϑI˜ν] = ∂[µϑI˜ν] + gAJ[µtJK˜ I˜ϑK˜ν] ,
D̂µqX = ∂µqX + gAIµkXI + iψ¯jµζBfXjB
D̂µφx = ∂µφx + gAIµKxI − 12 iψ¯µλx,
Dµ(ωˆ)ǫ
i = Dµ(ωˆ)ǫi − ∂µqXωijXǫj − gκ2AIµP ijI ǫj , (5.9)
where Dµ(ωˆ) is defined as in (4.2).
6 Comparison with earlier papers
In this section, we compare our results with the literature, and especially with [2] (CD)
and [1,21–23,36] (GZ)8. To compare with these papers we put κ = 1. A notational difference
with CD is that we have γabcde = iεabcde, while CD uses γabcde = −iεabcde. Another difference
is in the symplectic metric ΩMN . Our ΩMN is 4 times the one in CD and in GZ. Furthermore
they use ΩMNΩ
NP = δPM and our tIJ˜
K˜ is denoted as ΛK˜
IJ˜
. The object B˜ab is the one denoted
as Bab in CD and in GZ, while ĤI˜ab is denoted as QI˜ab in CD. In CD there are two coupling
constants, g and gR, which we find to be the same.
Our results for vector and tensor multiplets without off-diagonal vector-tensor couplings
(tIJ
M = 0) agree with GZ. Adding the couplings to hypermultiplets we also mostly agree
with CD, though some coefficients differ. For example, we differ in the coefficient in front of
the hyperino mass term and in the hyperino bilinear proportional to the field strength H.
However, the action (5.7) contains also more general couplings than previously considered
because of the possibility that tIJ
M 6= 0, i.e. a representation of the gauge group on the
vector and tensor multiplets that is not completely reducible. For the bosonic part of the
action, this is explicitly visible in the Chern-Simons couplings. Furthermore, the values
of KxI and of W
x have implicit dependence on these representation matrices. The former
appear in the covariant derivatives of the scalars Dµφx, thus directly influencing the fermionic
supersymmetry transformations, and the latter appear in the scalar potential.
7 Simplified action for bosonic solutions
In applications where solutions to the five-dimensional N = 2 supergravity theory are con-
structed, one is mainly concerned with the bosonic terms in the action, as one often sets
all fermions of the solution equal to zero. A solution to the bosonic equations of motion
preserves N supercharges if there are N supersymmetry parameters ǫi for which the corre-
sponding supersymmetry variation of the fermionic fields remains zero. Therefore, to search
8There is an ‘alternative N = 2 supergravity’ [37], which is very different from the theory described here.
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for supersymmetric BPS solutions we only need to consider the bosonic action and the su-
persymmetry rules of the fermions up to terms bilinear in the fermions. For the convenience
of the reader we collect these expressions in this section. This section can be a starting point
for a systematic search for any kind of BPS solutions.
The bosonic part of the action reads
e−1Lbos = 12κ2R(ω)− 14aI˜ J˜H I˜µνH J˜µν − 12gxyDµφxDµφy − 12gXYDµqXDµqY
+
1
16g
e−1εµνρστΩMN B˜
M
µν
(
∂ρB˜
N
στ + 2gtIJ
NAIρF
J
στ + gtIP
NAIρB˜
P
στ
)
+ g
2
κ4
(
4~P · ~P − 2~P x · ~Px − 2WxW x − 2NiAN iA
)
+ κ
12
√
2
3
e−1εµνλρσCIJKAIµ
[
F JνλF
K
ρσ + fFG
JAFν A
G
λ
(−1
2
gFKρσ +
1
10
g2fHL
KAHρ A
L
σ
)]
−1
8
e−1εµνλρσΩMN tIK
M tFG
NAIµA
F
ν A
G
λ
(−1
2
gFKρσ +
1
10
g2fHL
KAHρ A
L
σ
)
. (7.1)
The covariant derivatives in this bosonic truncation are given by
Dµφx = ∂µφx + gAIµKxI , DµqX = ∂µqX + gAIµkXI . (7.2)
The N = 2 supersymmetry rules of the fermionic fields, up to bilinears in the fermions, are
given by
δψiµ = Dµ(ω)ǫ
i + iκ
4
√
6
hI˜H
I˜νρ (γµνρ − 4gµνγρ) ǫi − 1κ√6 igP ijγµǫj ,
δλxi = − i
2
/Dφxǫi + 1
4
γ ·H I˜hx
I˜
ǫi − 1
κ2
gP x ijǫj +
1
κ2
gW xǫi,
δζA = 1
2
iγµDµqXf iAX ǫi + 1κgNAi ǫi. (7.3)
8 Conclusions
In this paper, we constructed matter-coupled N = 2 supergravity in five dimensions, using
the superconformal approach. For the matter sector we took an arbitrary number of vector,
tensor and hypermultiplets. By allowing off-diagonal vector-tensor couplings, we found more
general results than currently known in the literature. Our results provide the appropriate
starting point for a systematic search of BPS solutions such as domain walls or black holes.
Furthermore, they can be used to study properties of the scalar potential that arises in
flux-compactifications of M-theory on Calabi-Yau manifolds, or any other five-dimensional
vacuum. The ingredients needed for such a search are given in the previous section.
We end with some remarks.
For simplicity, we restricted ourselves to matter couplings for which an action can be
constructed. As pointed out in our previous paper [19], the superconformal approach also
allows conformal matter couplings for which no such action can be defined. These theories
are defined in terms of equations of motion that, without introducing more variables, cannot
be integrated to an action. It would be interesting to extend the gauge-fixing procedure to
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these theories9. In the present work we only introduced gauge-fixing conditions for theories
that have an action. In fact some of the gauge-fixing choices were determined by requiring
that the kinetic terms in the action had a canonical (diagonal) form. It seems reasonable
that precisely the same conditions can also be applied to the theories without an action.
This would lead to new Poincare´ matter couplings. It is known that there are theories
without an action that can be obtained via a Scherk-Schwarz reduction of a theory with an
action [39–43]. It would be interesting to see whether, in the same spirit, the D = 5 matter
couplings with no action can be obtained from some D = 6 matter couplings with an action.
Finally, a central role in this paper is played by the standard Weyl multiplet. We showed
that a second Weyl multiplet exists, the so-called dilaton Weyl multiplet [19]. The two
multiplets describe the same number of degrees of freedom but differ in the field content. A
priori the conformal programme can also be carried out using the dilaton Weyl multiplet. It
would be interesting to see whether the dilaton Weyl multiplet may lead to matter couplings
which cannot be obtained by starting from the standard Weyl multiplet. In view of previous
results in four dimensions for N = 1 [44] and N = 2 [35] this is not expected, but it cannot
be excluded.
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A Notation
Curvatures. First we explain our notation for the curvature tensors. We have Riemann
tensors defined on the five-dimensional spacetime and on the target space manifold spanned
by the hypermultiplet scalars. As we will show below, we will use different conventions for
the curvatures and Ricci tensors. They have in common, however, that compact manifolds
always have a positive Ricci scalar curvature.
The ‘target space notation’ starts from a connection denoted by ΓXY
Z , with Riemann
curvature
RXY Z
W ≡ 2∂[XΓY ]ZW + 2ΓV [XWΓY ]ZV . (A.1)
The Ricci scalar and Ricci tensor on the target space are then defined as (in agreement
with [19])
R = gXYRXY , RXY = RZXY
Z . (A.2)
Now we come to the definition of the spacetime curvature. In the general relativity
literature, one usually denotes the Levi-Civita connection as Γρµν , i.e. with the upper index
on the left. The Riemann curvature is defined as
Rσρµν ≡ 2∂[µΓσν]ρ + 2Γστ [µΓτ ν]ρ, (A.3)
and has its upper index on the left, in contrast to (A.1). Spacetime Ricci tensors and scalars
are then defined as
R = gµνRµν = g
µνRρνρµ. (A.4)
Note that this is a different convention from the one used in [18], where the second and third
indices are contracted to define the Ricci tensor. This means that equations (3.11) and (3.12)
in [18] change sign in the above conventions. As stated before, we use these conventions such
that compact manifolds have a positive Ricci scalar curvature.
SU(2) and vector indices. At various places in the main text, we switch from SU(2)
indices i, j = 1, 2 to vector indices with the convention
Ai
j ≡ i ~A · ~σij , (A.5)
where ~σ are the Pauli matrices. With these conventions, we obtain the identity
Ai
jBj
k = − ~A · ~Bδik − i( ~A× ~B) · ~σik, (A.6)
for any two vectors ~A and ~B.
Lowering and raising SU(2) indices is done using the ε symbol, in northwest-southeast
(NW-SE) conventions,
Ai = εijAj , Ai = A
jεji. (A.7)
When the SU(2) indices are omitted (e.g. in spinor contractions), NW-SE contractions are
understood. For more details on the notation and conventions about spinors, we refer to [18].
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B Conformal multiplets
In the following subsections we will repeat the relevant results for the vector-tensor multiplet
and hypermultiplet from [19]. Just like in [19] we will discuss the two cases, with or without
metric, separately.
B.1 Weyl multiplet
The Q- and S-supersymmetry and K-transformation rules for the independent fields of the
standard Weyl multiplet are [18]
δeµ
a = 1
2
ǫ¯γaψµ,
δψiµ = Dµǫi + iγ · Tγµǫi − iγµηi,
δVµ
ij = −3
2
iǫ¯(iφj)µ + 4ǫ¯
(iγµχ
j) + iǫ¯(iγ · Tψj)µ + 32 iη¯(iψj)µ ,
δTab =
1
2
iǫ¯γabχ− 332 iǫ¯R̂ab(Q),
δχi = 1
4
ǫiD − 1
64
γ · R̂ij(V )ǫj + 18 iγab /DTabǫi − 18 iγaDbTabǫi
−1
4
γabcdTabTcdǫ
i + 1
6
T 2ǫi + 1
4
γ · Tηi,
δD = ǫ¯ /Dχ− 5
3
iǫ¯γ · Tχ− iη¯χ,
δbµ =
1
2
iǫ¯φµ − 2ǫ¯γµχ+ 12 iη¯ψµ + 2ΛKµ. (B.1)
The covariant derivatives are
Dµǫi = ∂µǫi + 12bµǫi + 14ωabµ γabǫi − V ijµ ǫj ,
DµTab = (∂µ − bµ) Tab − 2ωµ[acTb]c − 12 iψ¯µγabχ+ 332 iψ¯µR̂ab(Q),
Dµχ
i =
(
∂µ − 32bµ + 14ωµabγab
)
χi − V ijµ χj
− 1
4
ψiµD +
1
64
γ · R̂ij(V )ψµj − 18 iγab /DTabψiµ + 18 iγaDbTabψiµ
+ 1
4
γabcdTabTcdψ
i
µ − 16T 2ψiµ − 14γ · Tφiµ. (B.2)
The covariant curvatures R̂(Q) and R̂(V ) are
R̂µν
i(Q) = Rµν
i(Q) + 2iγ · Tγ[µψiν],
Rµν
i(Q) = 2∂[µψ
i
ν] +
1
2
ω[µ
abγabψ
i
ν] + b[µψ
i
ν] − 2V[µijψν]j + 2iγaφi[µeν]a,
R̂µν
ij(V ) = Rµν
ij(V )− 8ψ¯(i[µγν]χj) − iψ¯(i[µγ · Tψj)ν] ,
Rµν
ij(V ) = 2∂[µVν]
ij − 2V[µk(iVν]kj) − 3iφ¯(i[µψj)ν] . (B.3)
The expressions for the dependent fields are given in (4.1).
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B.2 Vector-tensor multiplet
The supersymmetry rules for the vector-tensor multiplet coupled to the five-dimensional
standard Weyl multiplet are given by
δAIµ =
1
2
ǫ¯γµψ
I − 1
2
iσI ǫ¯ψµ,
δBMab = −ǫ¯γ[aDb]ψM − 12 iσM ǫ¯R̂ab(Q) + iǫ¯γ[aγ · Tγb]ψM
+igǫ¯γabt(J˜ K˜)
MσJ˜ψK˜ + iη¯γabψ
M ,
δY ijI˜ = − 1
2
ǫ¯(i /Dψj)I˜ + 1
2
iǫ¯(iγ · Tψj)I˜ − 4iσI˜ ǫ¯(iχj)
− 1
2
igǫ¯(i
(
t[J˜K˜]
I˜ − 3t(J˜K˜)I˜
)
σJ˜ψj)K˜ + 1
2
iη¯(iψj)I˜ ,
δψiI˜ = −1
4
γ · ĤI˜ǫi − 1
2
i /DσI˜ǫi − Y ijI˜ǫj + σI˜γ · Tǫi + 12gt(J˜K˜)I˜σJ˜σK˜ǫi + σI˜ηi,
δσI˜ = 1
2
iǫ¯ψI˜ . (B.4)
The (superconformal) covariant derivatives are given by
Dµ σ
I˜ = DµσI˜ − 12 iψ¯µψI˜ ,
DµσI˜ = (∂µ − bµ)σI˜ + gtJK˜ I˜AJµσK˜ ,
Dµψ
iI˜ = DµψiI˜ + 14γ · ĤI˜ψiµ + 12 i /DσI˜ψiµ + Y ijI˜ψµj − σI˜γ · Tψiµ
− 1
2
gt(J˜K˜)
I˜σJ˜σK˜ψiµ − σI˜φiµ,
DµψiI˜ =
(
∂µ − 32bµ + 14γabωˆµab
)
ψiI˜ − V ijµ ψI˜j + gtJK˜ I˜AJµψiK˜ . (B.5)
The covariant curvature ĤI˜µν should be understood as having components
(
F̂ Iµν , B
M
µν
)
with
F̂ Iµν given by
F̂ Iµν = 2∂[µA
I
ν] + gfJK
IAJµA
K
ν − ψ¯[µγν]ψI + 12 iσIψ¯[µψν]. (B.6)
Finally, R̂ab(Q) is the supercovariant gravitino curvature defined in equations (3.4) and (3.18)
of [18].
The vector-tensor multiplet can be realized in the absence of an action. In that case,
the tensor part is realized on-shell and the corresponding equations of motion are given
in [19, (4.4)].
In the presence of a fully symmetric tensor CI˜ J˜ K˜ the superconformal invariant action
can be written down and it takes the form
e−1LconfVector–Tensor =
[(
−1
4
ĤI˜µνĤµνJ˜ − 12 ψ¯I˜ /DψJ˜ + 13σI˜cσJ˜ + 16DaσI˜DaσJ˜ + Y I˜ijY ijJ˜
)
σK˜
− 4
3
σI˜σJ˜σK˜
(
D + 26
3
TabT
ab
)
+ 4σI˜σJ˜ĤK˜abT ab
− 1
8
iψ¯I˜γ · ĤJ˜ψK˜ − 1
2
iψ¯iI˜ψjJ˜Y K˜ij + iσ
I˜ψ¯J˜γ · TψK˜ − 8iσI˜σJ˜ ψ¯K˜χ
+ 1
6
σI˜ψ¯µγ
µ
(
iσJ˜ /DψK˜ + 1
2
i( /DσJ˜)ψK˜ − 1
4
γ·ĤJ˜ψK˜ + 2σJ˜γ·TψK˜ − 8σJ˜σK˜χ
)
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−1
6
ψ¯aγbψ
I˜
(
σJ˜ĤabK˜ − 8σJ˜σK˜T ab
)
− 1
12
σI˜ψ¯λγ
µνλψJ˜ĤK˜µν
+ 1
12
iσI˜ψ¯aψb
(
σJ˜ĤabK˜ − 8σJ˜σK˜T ab
)
+ 1
48
iσI˜σJ˜ ψ¯λγ
µνλρψρĤK˜µν
− 1
2
σI˜ψ¯iµγ
µψjJ˜Y K˜ij +
1
6
iσI˜σJ˜ ψ¯iµγ
µνψjνY
K˜
ij − 124 iψ¯µγνψI˜ψ¯J˜γµνψK˜
+ 1
12
iψ¯iµγ
µψjI˜ψ¯J˜i ψ
K˜
j − 148σI˜ψ¯µψνψ¯J˜γµνψK˜ + 124σI˜ψ¯iµγµνψjνψ¯J˜i ψK˜j
− 1
12
σI˜ψ¯λγ
µνλψJ˜ ψ¯µγνψ
K˜ + 1
24
iσI˜σJ˜ ψ¯λγ
µνλψK˜ψ¯µψν
+ 1
48
iσI˜σJ˜ ψ¯λγ
µνλρψρψ¯µγνψ
K˜ + 1
96
σI˜σJ˜σK˜ψ¯λγ
µνλρψρψ¯µψν
]
CI˜J˜K˜
+ 1
16g
e−1εµνρστΩMN B˜
M
µν
(
∂ρB˜
N
στ + 2gtIJ
NAIρF
J
στ + gtIP
NAIρB˜
P
στ
)
− 1
24
e−1εµνλρσCIJKA
I
µ
(
F JνλF
K
ρσ − fFGJAFν AGλ
(
1
2
gFKρσ − 110g2fHLKAHρ ALσ
))
− 1
8
e−1εµνλρσΩMN tIK
M tFG
NAIµA
F
ν A
G
λ
(−1
2
gFKρσ +
1
10
g2fHL
KAHρ A
L
σ
)
+ 1
4
igψ¯I˜ψJ˜σK˜σL˜
(
t[I˜ J˜ ]
M˜CM˜K˜L˜ − 4t(I˜K˜)M˜CM˜J˜L˜
)
− 1
4
gψ¯µγ
µψI˜σJ˜σK˜σL˜t(J˜ K˜)
M˜CM˜I˜L˜
− 1
2
g2σIσJσKσM˜σN˜ tJM˜
P tKN˜
QCIPQ, (B.7)
where the superconformal d’Alembertian is defined as

cσI˜ = DaDaσ
I˜
=
(
∂a − 2ba + ω bab
)
Daσ
I˜ + gtJK˜
I˜AJaD
aσK˜ − 1
2
iψ¯µD
µψI˜ − 2σI˜ψ¯µγµχ
+ 1
2
ψ¯µγ
µγ · TψI˜ + 1
2
φ¯µγ
µψI˜ + 2fµ
µσI˜ − 1
2
gψ¯µγ
µtJK˜
I˜ψJσK˜ , (B.8)
and we introduced a tensor field B˜Mab as
BMab = B˜
M
ab − ψ¯[aγb]ψM + 12 iσM ψ¯aψb. (B.9)
B.3 Hypermultiplet
The supersymmetry rules for the hypermultiplet coupled to the five-dimensional standard
Weyl multiplet were found to be
δqX = −iǫ¯iζAfXiA,
δ̂ζA ≡ δζA + ζBωXBAδqX
= 1
2
i /DqXf iAX ǫi − 13γ · TkXfAiXǫi + 12gσIkXI fAiXǫi + kXfAiXηi, (B.10)
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where δ̂ζA is the covariant variation of ζA, see section 2.3.1 of [19]. The symmetries of the
system determine the (superconformal) covariant derivatives
Dµq
X = DµqX + iψ¯iµζAfXiA,
DµqX = ∂µqX − bµkX − V jkµ kXjk + gAIµkXI ,
Dµζ
A = DµζA − kXfAiXφiµ + 12 i /DqXfAiXψiµ + 13γ · TkXfAiXψiµ − 12gσIkXI fAiXψiµ
DµζA = ∂µζA + ∂µqXωXBAζB + 14 ωˆµbcγbcζA − 2bµζA + gAIµtIBAζB. (B.11)
The equations of motion for ζA and qX were obtained by imposing the superconformal
algebra, and are given in [19, (4.9-11)].
Note that so far we did not require the presence of an action. Introducing a metric, the
locally conformal supersymmetric action is given by
e−1Lconfhyper = −12gXYDaqXDaqY + ζ¯A /DζA + 49Dk2 + 827T 2k2
− 16
3
iζ¯Aχ
ikXfAiX + 2iζ¯Aγ · TζA − 14WABCD ζ¯AζB ζ¯CζD
− 2
9
ψ¯aγ
aχk2 + 1
3
ζ¯Aγ
aγ · TψiakXfAiX + 12 iζ¯AγaγbψiaDbqXfAiX
+ 2
3
fa
ak2 − 1
6
iψ¯aγ
abφbk
2 − ζ¯AγaφiakXfAiX
+ 1
12
ψ¯iaγ
abcψjbDcqY JY XijkX − 19 iψ¯aψbTabk2 + 118 iψ¯aγabcdψbTcdk2
− g
(
iσItIB
Aζ¯Aζ
B + 2ikXI f
A
iX ζ¯Aψ
iI + 1
2
σIkXI f
A
iX ζ¯Aγ
aψia
+ ψ¯iaγ
aψjIPIij − 12 iψ¯iaγabψjbσIPIij
)
+ 2gY ijI P
I
ij − 12g2σIσJkXI kJX . (B.12)
C Identities of very special geometry
The vector multiplets are defined in terms of the symmetric real constant tensor CIJK . The
independent scalars are φx, but many quantities are defined by functions hI(φ), satisfying
CIJKhI(φ)hJ(φ)hK(φ) = 1, (C.1)
and
hI(φ) ≡ CIJKhJ(φ)hK(φ) = aIJhJ , aIJ ≡ −2CIJKhK + 3hIhJ ,
ΓIJK ≡ −
√
2
3
(CIJK − 9hLCL(IJhK) + 9hIhJhK) , RIJKL = 2ΓKM [JΓI]LM , (C.2)
where here and below I-type indices are lowered or raised with aIJ or its inverse, which we
assume to exist.
Define (with,x an ordinary derivative with respect to φ
x)
hIx ≡ −
√
3
2
hI,x(φ), (C.3)
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which, due to the constraint (C.1) satisfies hIh
I
x = 0, leading to
hIx ≡ aIJhJx =
√
3
2
hI,x(φ). (C.4)
We then also have
hIhIx = 0, hIh
I
x = 0. (C.5)
These quantities define the metric on the scalar space, which is the pull-back of the metric
aIJ to the subspace defined by (C.1):
gxy ≡ hIxhJyaIJ = −2hIxhJyCIJKhK . (C.6)
The above relations can be written in matrix form(
hI
hIx
)
aIJ
(
hJ hJy
)
=
(
1 0
0 gxy
)
. (C.7)
We can find the inverse of the first and third (n+1)× (n+1) matrices on the left-hand side
(using hyI ≡ gyxhIx)(
hI
hIx
)(
hI h
y
I
)
=
(
1 0
0 δyx
)
→ (hI hxI)(hJhJx
)
= δJI . (C.8)
Multiplying the latter equation with aJK leads to
hIhJ + h
x
IhJx = aIJ . (C.9)
Using the decomposition of the unity as in (C.8), we can write (with ‘;’ a covariant derivative
including a connection hJx;y = hJx,y − ΓzxyhJz such that gxy;z = 0)
hIx;y = δ
J
I hJx;y =
(
hIh
J + hzIh
J
z
)
hJx;y =
√
2
3
(
hIh
J
yhJx + Txyzh
z
I
)
=
√
2
3
(hIgxy + Txyzh
z
I) ,
hIx;y = −
√
2
3
(
hIgxy + Txyzh
Iz
)
,
Txyz ≡
√
3
2
hJx;yh
J
z = −
√
3
2
hJxh
J
z;y = CIJKhIxhJyhKz ,
⇒ Γzxy = hIzhIx,y −
√
2
3
Txywg
wz = hzIh
I
x,y +
√
2
3
Txywg
wz. (C.10)
The tensor Txyz is symmetric. Comparing (C.9) and (C.2), we obtain
hxIhJx = −2CIJKhK + 2hIhJ , (C.11)
whose covariant derivative with respect to φy leads to
Txyzh
x
Ih
z
J = CIJLhLy + h(IhJ)y. (C.12)
Multiplying with another hyK , using again the two expressions for aIJ , leads to
Txyzh
x
Ih
y
Jh
z
K = CIJK + 32a(IJhK) − 52hIhJhK . (C.13)
The curvature is
Kxyzu = RIJKLh
I
xh
J
yh
K
z h
L
u =
4
3
(
gx[ugz]y + Tx[u
wTz]yw
)
. (C.14)
The domain of the variables should be limited to hI(φ) 6= 0 and the metrics aIJ and gxy
should be positive definite. Due to relation (C.7) the latter two conditions are equivalent.
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